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Abstract—In this paper, we introduce the Riemann sum
method (RSM) as an effective tool for the design of sum-of-
cisoids (SOC) simulators for narrowband mobile Rayleigh fading
channels under non-isotropic scattering conditions. We show that
the RSM results in an excellent approximation of the channel’s
autocorrelation function (ACF). Furthermore, we compare the
performance of the RSM with that of the generalized method
of equal areas (GMEA) and Lp-norm method (LPNM), which
were until now the only methods available for the design of SOC
simulators for non-isotropic scattering channels. The obtained
results indicate that the RSM is better suited than the GMEA
and the LPNM to approximate the channel’s ACF, whereas the
latter two methods provide better results regarding the emulation
of the envelope distribution. Owing to its simplicity and good
performance, the RSM can be used to design flexible simulation
platforms for the analysis of mobile communication systems
operating in non-isotropic scattering environments.
Keywords—Channel simulators, mobile communications, non-
isotropic scattering, Rayleigh fading channels, sum-of-cisoids,
sum-of-sinusoids.
I. INTRODUCTION
Simulation models having the ability to reproduce the statis-
tical properties of non-isotropic scattering channels are highly
desirable for the software-assisted performance analysis of
modern mobile communication systems. They are important,
for example, to study the channel capacity [1] and the bit
error rate performance [2] in the realistic scenario where the
Doppler power spectrum of the channel is asymmetrical [3].
It has been shown in a number of papers, e.g., [1], [4]–[6],
that the simulation of non-isotropic scattering channels can
efficiently be performed by means of a finite sum of complex
sinusoids (cisoids). Sum-of-cisoids (SOC) models are closely
related to the electromagnetic plane-wave propagation model
[7]. They provide an excellent basis not only for enabling the
simulation of narrowband single-input single-output (SISO)
channels [5], but also for the simulation of wideband multiple-
input multiple-output (MIMO) channels [8]. Currently, there
exist only two parameter computation methods suitable for
the design of SOC simulators for non-isotropic scattering
channels, namely the Lp-norm method (LPNM) [4] and the
generalized method of equal areas (GMEA) [5], [9]. Both
methods produce good results regarding the emulation of the
channel’s statistics [4]–[6]. Nevertheless, the LPNM relies
upon numerical optimization techniques that make the de-
termination of the model parameters a time-consuming task.
In contrast to this, the GMEA requires a comparatively large
number of cisoids to properly emulate the channel’s correlation
properties [5]. The development of new methods, under the
constraint of simplicity and accuracy, is therefore desirable to
facilitate the performance analysis of modern and forthcoming
mobile wireless communication systems.
In this paper, we introduce a simple and effective method for
the design of SOC simulators for mobile Rayleigh fading chan-
nels under non-isotropic scattering conditions. The proposed
method, which is based on a Riemann sum approximation
of the channel’s autocorrelation function (ACF), is presented
here in the context of SISO channels. Its extension to the
design of MIMO channel simulators is straightforward. We
evaluate the performance of the Riemann sum method (RSM)
with respect to its accuracy for emulating the ACF and
the envelope distribution of the channel. What is more, we
compare the performance of the RSM with that of the GMEA
and the LPNM. Without loss of generality, we assume for
our investigations that the angles of arrival (AOA) of the
channel’s multipath components are Laplacian distributed [10].
Our analysis shows that the RSM performs better than the
LPNM and the GMEA regarding the emulation of the ACF,
while the latter two methods are more precise concerning the
approximation of the envelope distribution.
The rest of the paper is organized as follows. Sections II
and III review the characteristics of the reference channel
model and the SOC simulation model, respectively. Section IV
introduces the RSM. Its performance is evaluated in Section V.
Finally, our conclusions are given in Section VI.
II. THE REFERENCE MODEL
A. The Narrowband Rayleigh Fading Channel Model
We model the frequency-non-selective mobile fading chan-
nel in the equivalent complex baseband by a stationary zero-
mean complex Gaussian process1 μ(t), which characterizes
the complex channel gain in a two-dimensional small-scale
1Throughout the paper, we will make use of bold symbols and letters to
denote random variables and stochastic processes, whereas we will employ
normal symbols and letters for constants and deterministic processes.
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propagation environment. On the basis of the central limit
theorem [11, pp. 281-290] and following the scattering propa-
gation model in [12, Sec. 1.1], we can represent such a channel
model in terms of an infinite series of scattered azimuthal plane
waves as follows
μ(t) = lim
N→∞
N∑
n=1
cne
j(2πf nt+θn) (1)
where the nth plane wave is characterized by a cisoid with a
random gain cn, a random phase θn, and a random Doppler
frequency f n. The phases θn are defined as independent and
identically distributed (i.i.d.) random variables, each having
a uniform distribution over [−π, π). The gains cn are given
such that E{c2n} = σ2μ/N for n = 1, 2, . . . , N , where σ2μ
is the variance of the complex Gaussian process μ(t). The
operator E{·} denotes statistical expectation. In turn, the
Doppler frequencies f n are defined as
f n  fmax cos(αn), ∀n = 1, 2, . . . , N (2)
where αn is the random AOA of the nth incoming wave, and
fmax stands for the maximum Doppler frequency. The AOAs
αn introduced above are assumed to be i.i.d. random variables
characterized by a given probability density function (PDF)
pα(α), α ∈ [−π, π). The gains cn, phases θn, and AOAs αn
are considered as being mutually independent.
The complex Gaussian process μ(t), which acts in this paper
as a reference channel model, can be characterized by its
ACF rμμ(τ)  E{μ∗(t)μ(t+ τ)}. The notation (·)∗ indicates
complex conjugation. One can easily verify that
rμμ(τ) = 2σ2μ
π∫
0
gα(α) ej2πfmax cos(α)τdα (3)
where gα(α)  [pα(α) + pα(−α)]/2 is the even part of
the PDF of α. Concerning the distribution of the channel’s
envelope ζ (t)  |μ(t)|, it can be shown that irrespective of
the correlation properties of μ(t), the PDF pζ (z) of ζ (t) is
equal to [13, Sec. 6.1.1.1], [14]
pζ (z) =
2z
σ2μ
· e−
z2
σ2μ , z ≥ 0 (4)
which is known as the Rayleigh distribution [11, p. 113]. In
addition, one can show that the PDF pφ(θ) of the channel’s
phase φ(t)  arg{μ(t)} is given as [13, Sec. 6.1.1.1]
pφ(θ) =
1
2π
, φ ∈ [−π, π). (5)
B. The Laplacian PDF of the AOA and the Associated ACF
In order to demonstrate the performance of the RSM, it
will be necessary to specify a concrete PDF for the random
AOAs αn. With this in mind, we suppose that αn follows
the Laplacian distribution, which was first proposed in [10].
There, the authors demonstrated the goodness of fit of such a
distribution by direct comparison with measured data collected
in outdoor environments.
The Laplacian PDF of the AOA has the form [10]
pLAα (α) =
1
cs
e−|α|
√
2
σs , α ∈ [−π, π) (6)
where the parameter σs > 0 controls the angular spread, and
cs = σs
√
2
[
1− e−π
√
2
σs
]
(7)
is a normalization quantity that guarantees
∫∞
−∞ p
LA
α (α)dα =
1. Notice that pLAα (α) is an even function, meaning that
gLAα (α) = p
LA
α (α). The ACF of μ(t) cannot be written
in closed form when the channel’s AOA statistics follows
the Laplacian PDF. Consequently, one has to use numerical
methods to evaluate
rLAμμ(τ) =
2σ2μ
cs
π∫
0
ej2πfmax cos(α)τ−α
√
2
σs dα. (8)
The numerical integration of (8) does not pose any problems,
as modern computers can accomplish the task easily.
III. THE SOC-BASED SIMULATION MODEL
One may observe from (1) that a hardware/software real-
ization of the mobile fading channel described by μ(t) is not
possible, since it requires the implementation of a sum of an
infinite number of cisoids. Fortunately, most of the statistical
properties of μ(t) relevant for system performance analysis—
such as the correlation properties, spectral characteristics,
and the first-order distributions of the envelope and phase—
can satisfactorily be approximated by a simulation model
described by a finite SOC. In this paper, we will perform such
a task by considering a narrowband stochastic SOC simulation
model with constant gains cˆn, constant Doppler frequencies
fˆn, and random phases θˆn. The stochastic SOC model can be
represented by a random process μˆ(t) of the form
μˆ(t) =
N∑
n=1
cˆne
j(2πfˆnt+θˆn). (9)
For the simulation of the reference model, we will consider
the phases θˆn in (9) as being mutually independent and
uniformly distributed over [−π, π). In addition, we impose
the condition
∑N
n=1 cˆ
2
n = σ
2
μ on the set of gains {cˆn}Nn=1 and
define the Doppler frequencies fˆn as
fˆn  fmax cos(αˆn), ∀n = 1, 2, . . . , N (10)
where αˆn ∈ [−π, π). Under these conditions, one can show
that μˆ(t) is a wide-sense stationary (WSS) process with mean
zero, variance equal to σ2μ , and ACF
rμˆμˆ(τ)  E{μˆ∗(t)μˆ(t + τ)}
=
N∑
n=1
cˆ2ne
j2πfmax cos(αˆn)τ . (11)
Regarding the distribution of the envelope ζˆ (t)  |μˆ(t)| of
μˆ(t), it has recently been shown in [15] that the PDF pζˆ (z)
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of ζˆ (t) equals
pζˆ (z) = z(2π)
2
∞∫
0
[
N∏
n=1
J0(2π|cˆn|x)
]
J0(2πzx)x dx (12)
for z ≥ 0. Investigations in [15] indicate that pζˆ (z) is in good
agreement with the Rayleigh PDF for values of N as small
as ten if cˆn = σμ/
√
N . With respect to the PDF pφˆ(θˆ) of the
phase φˆ(t)  arg{μˆ(t)} of μˆ(t), it is also shown in [15] that
pφˆ(θˆ) =
1
2π
, θˆ ∈ [−π, π). (13)
Interestingly, the PDF of φˆ(t) is not influenced by any of
the SOC model parameters, not even by N . Without going
into details, we observe that the stochastic SOC simulator
described by μˆ(t) is mean-ergodic and autocorrelation-ergodic
on condition that the Doppler frequencies fˆn are specified such
that fˆn = 0 ∀n and fˆn = fˆm, n = m. We refer the reader to
[9] for further information in this respect.
IV. THE RIEMANN SUM METHOD
Once the structure of the stochastic SOC simulation model
has been defined, the problem consists in finding values for
the model parameters that allow for a proper emulation of the
statistics of the reference model. The problem lies basically in
finding proper values for the gains cˆn and Doppler frequencies
fˆn of the simulator, as the phases θˆn have no influence on the
ACF rμˆμˆ(τ) in (11), nor on the PDFs pζˆ (z) and pφˆ(θˆ) in(12) and (13), respectively. A new solution to this problem is
provided by the following RSM.
A. Basic Approach
We assume that the PDF pα(α) of the AOAs αn contains
no singularities, so that one can regard the integral in (3) as
being a proper integral. Upon this assumption, rμμ(τ) can be
written as a midpoint Riemann sum of the form
rμμ(τ) = lim
N→∞
2πσ2μ
N
N∑
n=1
gα
( π
N
[
n− 1
2
])
· exp
{
j2πfmax cos
( π
N
[
n− 1
2
])
τ
}
. (14)
If we drop the limit from the equation above, then we may
presume that
rμμ(τ) ≈
2πσ2μ
N
N∑
n=1
gα
( π
N
[
n− 1
2
])
· exp
{
j2πfmax cos
( π
N
[
n− 1
2
])
τ
}
. (15)
A comparison of (15) and (11) suggests that the ACF rμˆμˆ(τ)
of μˆ(t) will render a good approximation to rμμ(τ) if we
choose:
αˆn =
π
N
(
n− 1
2
)
(16)
cˆn = σμ
√
gα(αˆn)∑N
m=1 gα(αˆm)
(17)
for n = 1, 2, . . . , N . Notice that the gains in (17) have been
normalized to ensure that
∑N
n=1 cˆ
2
n = σ
2
μ . The methodology
given by (16) and (17) establishes a parameter computation
method that we will refer to as the basic RSM (BRSM). It is
worth mentioning that the idea behind the BRSM has recently
been applied in [16] to simulate mobile MIMO Rayleigh
fading channels, yielding remarkable results concerning the
emulation of the spatial cross-correlation function and the
temporal ACF.
From experiments, we have observed that irrespective of the
AOA statistics, the BRSM provides an excellent approximation
to the ACF of μ(t) for τ ∈ [ − N4fmax , N4fmax ]. Nevertheless,
our experiments have also revealed that this method performs
poorly regarding the emulation of the envelope distribution
of μ(t) if the angular spread is small, i.e., if the scattering
is highly non-isotropic. Under such circumstances, there is a
large difference between the gains cˆn of the cisoids. Even
though this characteristic does not entail any problems for
the emulation of rμμ(τ), it does affect the ability of μˆ(t) for
approximating the Rayleigh PDF, since the envelope distribu-
tion of μˆ(t) is heavily influenced by the gains cˆn [see (12)].
The best fitting of pζˆ (z) against the Rayleigh distribution is
obtained if all gains cˆn are equal to cˆn = σμ/
√
N [15].
B. Improved Approach
To overcome the aforementioned problem, we will present
in what follows an improved version of the BRSM. To
that end, we will assume that the PDF of the AOA is
defined in such a way that its even part has at most one
maximum in [0, π). Thereby, for any given threshold γ ∈(
0, sup{gα(α)}α∈[0,π)
)
, where sup{·} denotes the supremum,
we can identify one and only one subinterval IU in [0, π)
satisfying
gα(α) > γ, ∀α ∈ IU (18)
implying that gα(α) is above the threshold only within IU . If
the threshold is chosen low, so that gα(α) ≈ 0 ∀α /∈ IU , then
one can state that
rμμ(τ) ≈ σ2μ
∫
α∈IU
gα(α) exp{j2πfmax cos(α)τ}dα. (19)
In such a case, it makes sense to compute the gains cˆn and
the AOAs αˆn of the stochastic SOC model by taking into
account only the subinterval IU . Following this reasoning, we
will redefine the AOAs αˆn as follows
αˆn = α +
αu − α
N
(
n− 1
2
)
, αu > α (20)
for n = 1, 2, . . . , N , where α and αu designate the lower
and the upper boundaries of IU . The methodology resulting
in (17) and (20) constitutes the RSM.
Choosing a proper value for the threshold γ is clearly the
critical step in the RSM. When setting the threshold, one has
to be aware of the fact that the method will be affected by the
same problems as the BRSM if γ is too low. On the other hand,
if γ is large, then the RSM will become more precise regarding
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the approximation of the envelope distribution of μ(t), but
it will loose accuracy with respect to the approximation of
rμμ(τ). While determining an optimal value for γ is not a
trivial issue, we have found from practice that setting γ =
1 × 10−3 results in case of the Laplacian distribution in a
good approximation to rμμ(τ) and pζ (z), as will be shown in
the following section.
V. PERFORMANCE ANALYSIS
A. Simulation Set-Up and Considerations
In what follows, we present a performance comparison
among the RSM, the GMEA [5], [9], and the LPNM [4] in
terms of the emulation of the ACF and the envelope distri-
bution of the reference model. To that end, we assume that
the channel’s AOA statistics follows the Laplacian distribution
with σs ∈ {0.5, 1, 5}. Such values of σs are representative
of non-isotropic scattering conditions ranging from moderated
(σs = 5) to severe (σs = 0.5).
In the case of the RSM, the boundaries of the subinterval
IU = [α, αu) are to be found by identifying the points in
[0, π) at which the function gα(α) crosses the threshold γ
from up to down (corresponding to αu) and/or from down to
up (corresponding to α). For the Laplacian distribution, the
lower boundary α of IU is found to be equal to α = 0,
since gLAα (α) is a monotonically decreasing function in [0, π)
and therefore no up-crossing is observed within that interval.
In turn, the upper boundary αu is found to be given by
αu = − σs√
2
ln(γcs) (21)
which is the solution of gLAα (α)− γ = 0. If this equation has
no solutions in [0, π), then αu is set to π. We have chosen
γ = 1× 10−3 to carry out our simulations.
In the case of the GMEA, the gains cˆn are given by [5], [9]
cˆn =
σμ√
N
, n = 1, 2, . . . , N (22)
whereas the Doppler frequencies fˆn are to be found by solving
the equation
αˆn∫
0
gLAα (α) dα−
1
2N
(
n− 1
2
)
= 0 (23)
for n = 1, 2, . . . , N . It can easily be verified that the solution
of (23) is given by
fˆn = fmax cos
(
σs√
2
ln
(
1− cs√
2Nσs
[
n− 1
2
]))
. (24)
The LPNM, as presented in [4], also defines the gains
of μˆ(t) as in (22), but it requires the parameters fˆn to be
computed by minimizing the Lp-norm

(p)rμμ 
{
1
τmax
τmax∫
0
∣∣∣rμμ(τ)− rμˆμˆ(τ)∣∣∣p dτ
}1/p
(25)
where p is a positive integer and τmax > 0 determines the
length of the interval [0, τmax] inside of which the approxi-
mation rμμ(τ) ≈ rμˆμˆ(τ) is of interest. The minimization of


(p)
rμμ has to be done by applying a numerical optimization
algorithm, e.g., that described in [17], which can efficiently
be implemented by using the fminsearch function of
MATLAB R©. We have employed the Doppler frequencies
defined by the GMEA as initial values to minimize (25). In
addition, we set p = 2 and τmax = N/(4fmax).
B. Emulation of the ACF
The absolute value of the ACF of the reference model,
|rLAμμ(τ)| [see (8)], is plotted in Fig. 1 against the absolute
value of the ACF of the simulation model, |rμˆμˆ(τ)| [see (11)],
by applying each of the three methods under consideration
with N = 20. One can observe from the graphs depicted
in Fig. 1 that the RSM outperforms by far the LPNM and
the GMEA. In fact, in the case of the RSM, no differences
between |rLAμμ(τ)| and |rμˆμˆ(τ)| are visible within the interval
[0, 5/fmax]. However, the performance of the LPNM and the
GMEA is reasonably good. We can see in Fig. 1 that the
LPNM yields a better approximation to |rLAμμ(τ)| than the
GMEA, as was to be expected. Nevertheless, the graphs of
|rμˆμˆ(τ)| produced by the GMEA are in general closer to those
of |rLAμμ(τ)| at the vicinities of the origin (τ = 0) than the
graphs obtained by using the LPNM.
C. Emulation of the Envelope Distribution
Figures 2 and 3 show a comparison between the envelope
PDF of the reference model, pζ (z) [see (4)], and the PDF of
the envelope of μˆ(t), pζˆ (z) [see (12)]. Again, the depicted
graphs of pζˆ (z) were generated by considering N = 20 and
σ2μ = 1. We observe that the evaluation of (12) results in
exactly the same PDF pζˆ (z) for the GMEA and the LPNM.
This is due to the fact that the solution given in (12) for
pζˆ (z) is solely influenced by the set of gains {cˆn}, and both
the GMEA and the LPNM define the gains of μˆ(t) in the
same way [cf. (22)]. Concerning the methods’ performance,
the results presented in Figs. 2 and 3 show clearly that the
LPNM and the GMEA are better suited than the RSM to
approximate the distribution of ζ (t). In fact, we can see in
Fig. 2 that the graphs of pζˆ (z) line up almost perfectly with
the curve described by pζ (z). In contrast, the curves of pζˆ (z)
depicted in Fig. 3 for the RSM exhibit some deviations from
pζ (z) that become more pronounced the smaller the value of
σs is, that is, the more non-isotropic the scattering becomes.
Despite of such deviations, the RSM provided a quite good
approximation to pζ (z).
VI. SUMMARY AND CONCLUSIONS
In this paper, we introduced the RSM as an effective param-
eter computation method enabling the design of SOC simula-
tion models for narrowband mobile Rayleigh fading channels
under non-isotropic scattering conditions. We evaluated the
performance of the RSM in terms of the approximation of
the ACF and envelope distribution of the channel. Results
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Fig. 1. Comparison among the GMEA, the LPNM, and the RSM in terms
of the emulation of the reference model’s ACF by considering the Laplacian
PDF of the AOA with different values of the parameter σs (N = 20, fmax =
91 Hz, σ2µ = 1, p = 2, τmax = 5/fmax, γ = 1× 10−3).
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Fig. 2. Comparison between the envelope PDF of the reference model and the
envelope PDF of the simulation model by applying the GMEA and the LPNM
on the Laplacian PDF of the AOA with different values of the parameter σs
(fmax = 91 Hz, p = 2, and τmax = 5/fmax).
obtained by applying the GMEA and the LPNM were also
reported in this paper and compared with those produced by
the RSM. Our investigations indicate that the RSM is better
suited than the LPNM and the GMEA to emulate the channel’s
correlation characteristics, whereas the LPNM and the GMEA
are more precise than the RSM regarding the approximation
of the Rayleigh PDF. In addition to its good performance, the
simplicity of the RSM makes this method a suitable tool for
the design of simulation platforms for the analysis of modern
and forthcoming mobile communication systems.
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